Introduction
When a finite element technique is used for the solution of a two dimensional elliptic boundary value problem, P, the region of definition Ω of the problem is divided in a number of non-overlapping elements. In this paper the region Ω is rectangular, the elements are all rectangles and we consider a technique of local mesh refinement.
A weak formulation of the problem P is constructed and it is the solution of this weak problem, the generalized solution of P lying in a larger space, W, rather than the strong solution of P, which is sought.
In the Galerkin technique an approximation U(x,y) to the These are derived in Section 3.
In Section 4 a Galerkin procedure is described briefly for a problem involving Laplace's equation, and in Section 5 numerical results are given. By using tensor products we see immediately that the bilinear interpolant to U ( 0 , 0 ) , U ( 1 , 0 ) , U(1,1) and U ( 0 , 1 ) over the square is
The φ i . are the basis functions referred to in Section 1, and use of (2.2) in each element of a regular mesh produces a C° approximating function.
When the mesh is refined locally by successive halving of the mesh length, as in Figure 1 , mid-side nodes are introduced 4.
and situations as in Figure 2 arise. An obvious approach for Figure 2 dealing with the mid-side node ( 2 1 , 0 ) is to take ( 2 . 2 ) in element 1, which thus gives the value at ( 2 1 , 0 ) as the linear interpolant "between (0,0) and (1,0). This can then be used directly when (2.2), suitably scaled;, is applied in elements 2 and 3. Thus the unknown value at ( 2 1 ,0) is not introduced in element 1. However, the effect of this scheme is to spread the domain of influence of the coarse mesh into the region of fine mesh. The effect of the refinement is therefore reduced; see e.g. Wait and Mitchell [ 5 ] where this procedure is adopted. In order to avoid this we choose the alternative scheme given below.
A suitably scaled form of (2.2) is used in each of the elements The technique is to consider separately the two rectangles
In R 1 the interpolating function is
However, the point ( 2 , 1 ) is not a node of the element 1, and so the value U ( 2 1 , 1 ) is eliminated using the continuity of the approximating function across { ( x , y ) ; 0 ≦ x ≦ 1, y = 1 } by the substitution of
A similar technique is adopted in R 2 so that in element 1
6. The function U(x,y) in ( 2 . 7 ) is bilinear in R 1 and R 2 and continuous across x= 2 1 , 0 ≦ y ≦ 1 . Use of trial functions of the type (2.7) in the five node elements together with bilinear trial functions in the standard elements will ensure that the resulting global approximating function is in C o .
Note that, in terms of "+ functions" commonly used in splines, it is possible to write U(x,y) = y ( 1 -x ) U ( 0 , l ) + x y U ( 1 , 1 ) where the φ 's are as in ( 3 . 2 ) . Use of (3.4) as the trial function in.
each element of a standard rectangular mesh, together with the specifying of Z as in (3.3) at each node, will produce a C 1 approximating function.
However, we wish to refine the mesh as in Figure 1 , whilst retaining C 1 continuity in the global approximating function. Referring again to the situation as in Figure 2 , a special trial function is thus needed in elements such as 1. Following Section 2 we split the element 1 into the two rectangles 10.
Galerkin Method For Model Problem
We consider the problem in which u(x,y) satisfies
where Ω is the rectangular region OBCDEO of Figure 3 , in which EO=OB=BC=0.5.
The problem(4.1) is derived using symmetry from a well known problem in a rectangle containing a slit which has been much studied; see for example Whiteman [ 6 ] , [7 ] and Wait and Mitchell [ 5 ] . We define the two disjoint parts of the boundary The effect of the singularity is to reduce the accuracy of the Galerkin solution, particularly in the neighbourhood of the re-entrant corner. It is shown by Babuska [2 ] that with "proper" refinement of the elements around the corners the effect of the singularity can be removed. For ease and automation of computation we now use the local refinement scheme of Section 2, which is based on successive halving of the mesh length to obtain accurate Galerkin solutions to the problem (4. 1).
Numerical Results
In applying the Galerkin technique of Section 4 to the problem (4.1) we use square elements and take the basis functions 13.
B i (x,y) and C j (x,y) of ( 4 . 4 ) to be pyramids in the appropriate elements. Thus in each square of a standard mesh of length h the local trial function has the form (2.2). For the value h= 1/14 the results obtained at three specific points are given in Figure 4 . For comparison accurate results obtained using a conformal transformation method (CTM) due to Whiteman and Papamichael [ 9 ] are also included in Figure 4 .
